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Abstract. Mathematical communication skills are an essential part of mathematics learning;
however, numerous studies have found that students' abilities in this area remain at a low to
moderate level across various mathematical topics. This study aims to design and present
worked examples that support mathematical communication skills, particularly in the context
of measures of central tendency and data dispersion. This study employed a Research and
Development approach, utilizing the Analysis, Design, Development, Implementation, and
Evaluation (ADDIE). The participants consisted of five Year 8 students who had not yet
studied the topic. Data were collected through open-ended interviews, paper-based tests, and
expert validation sheets. The developed worked examples were validated by three experts
based on content, construction, and linguistic criteria. The validation results indicated that
the worked example met both face and logical validity criteria. The ADDIE cycle was
completed after the Evaluation stage, during which the result of the limited trials showed that
more than 80% students achieved the minimum score in solving the paired problem. These
findings indicated that worked examples designed with self-explanation prompts and
contextual variations can facilitate students' mathematical communication skills, especially
in understanding and expressing mathematical ideas through multiple representations.
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Introduction

Communication skills are among the essential 21st-century skills for future work life
(Taylor et al., 2022). In the current era of rapid information growth, the ability to merely
distinguish between right and wrong is insufficient. An individual also needs the ability to make
and convey reasonable arguments with appropriate justifications in order to defend their
perspective (OECD, 2022). Therefore, the ability to speak, listen, write, and convey ideas
effectively, which is referred to as communication skills, is indispensable.

In mathematics, communication skills are defined as the ability to share ideas, clarify
understanding, and construct meaning in a mathematical context (NCTM, 2000), which is often
termed as mathematical communication skills. These skills are an essential part of mathematics
learning, which ensures continuous knowledge development throughout the learning process.
Mathematical communication involves not only establishing mutual mathematical understanding
during the learning process, but also applying and transferring mathematical knowledge to real-

life problems (Kaya & Aydin, 2016). Therefore, mathematical communication extends beyond
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providing correct answers; it encompasses the ability to articulate mathematical ideas clearly,
justify reasoning, and employ multiple representations such as graphs, tables, and equations.

However, mathematical communication does not naturally develop during the mathematics
learning. Various studies have reported that students' mathematical communication skills across
various mathematical topics remain at a low to moderate level (Aminah et al., 2018; Nurlaila et
al., 2018). Rohid et al. (2019) found that only one out of three students demonstrates adequate
mathematical communication skills. Many students struggle to articulate their mathematical
thoughts both verbally and in writing (Teledahl, 2017). Students also face difficulties in using
appropriate representations, such as graphs and tables, to support their arguments or provide
sufficient justification for their solutions (Olteanu, 2015).

In educational practice, mathematical communication skills are often overlooked, as
evident in assessments that generally focus on evaluating procedural abilities, such as
comprehension and problem-solving (Stas¢ik & Glavas, 2023). These situations gradually hinder
the development of students’ mathematical communication skills, impeding their ability to
collaborate on mathematical tasks (Baran & Kabael, 2021). According to the TIMSS report,
communication between teachers and students, as well as among students themselves, remains
low, despite the duration of mathematics instruction in Indonesia being longer than in other
countries (Human Development Department, 2010). As a result, a substantial portion of learning
time is spent on problem-solving and classroom organization, rather than on activities that support
students’ mathematical communication, such as reflection and discussion. Therefore,
mathematical communication skills must be explicitly integrated into classroom practice.

Worked example is one instructional strategy to support the development of mathematical
skills. While they are generally associated with transfer abilities such as problem-solving, recent
research highlights their potential to foster communication skills. Bosshard et al. (2023) reported
that worked examples can potentially enhance learners' communication skills. Similarly, research
conducted by Vest et al. (2022) found that incorporating worked examples in mathematics
learning fosters deeper conceptual and procedural understanding, which helps students provide
faster and more accurate explanations when solving problems. Chen et al. (2023) also showed
that worked examples in mathematics learning enhance students' retention abilities and working
memory resources. Furthermore, greater working memory resources enhance the ability to
understand and translate problems into mathematical models (Ji & Guo, 2023), a skill closely
related to mathematical communication skills.

Given this background, the present study seeks to design worked examples that support
mathematical communication skills. Since research specifically exploring the role of worked

examples in fostering mathematical communication remains limited, this study aims to address
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that gap. Therefore, it examines and presents a worked example design to support students'
mathematical communication skills, particularly within the topic of central tendency and

measures of data dispersion.

Method

This study was conducted using the Research and Development (R&D) method. R&D is a
systematic approach that aims to build an empirical basis for the creation of educational products
or instructional tools. This research was performed in five stages: Analysis, Design and
Development, Implementation, and Evaluation (Table 1). The ADDIE framework is commonly
used as guidelines for designing educational products. The Analysis stage focused on identifying
the learning objectives related to measures of central tendency and data dispersion, along with the
indicators of mathematical communication skills. The Design stage examined the principles that
are considered in developing worked examples and their connection to mathematical
communication skills. This principle served as the foundation for the development stage, during

which worked examples were designed.

Table 1. Research stages

Analyse Design Development Implementation  Evaluation

1. Analysis of 1. Design worked 1. Developing 1. Conducting 1. Assessthe

learning example worked a limited quality of

outcomes in concepts aligned examples to trial of the

the topic of with facilitate worked worked

measures of mathematical mathematical examples example

central communication communication and paired and paired

tendency and skills. skills questions questions

data dispersion . Designing 2. Validating

2. Analysis of the problem contexts worked
indicator of related to examples and
mathematical measures of paired

communication

central tendency

questions with

skills and data experts
3. Analysis of dispersion,

worked aligned with the

example mathematical

principles communication

indicator

Results and Discussion

The following section reports the implementation of each stage of the ADDIE framework
in designing worked examples.
Analyse

The analysis stage examined the learning outcomes related to measures of central tendency

and dispersion, indicators of mathematical communication skills, and the principles in worked
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examples. This stage aims to identify the essential competencies students are expected to achieve.
The results of this analysis served as the foundation for designing worked examples that align

with both the learning objectives and the students’ mathematical communication skills.

Learning Outcomes

Descriptive statistics, including measures of central tendency and dispersion, are
fundamental techniques used to describe the distribution of values within the data set (Lee, 2020).
Measures of central tendency are used to identify the central point of a data set, typically
represented by the mean, median, and mode. Measures of dispersion, on the other hand, are an
extension of measures of central tendency that describe the variability of data, typically
represented by range, standard deviation, and interquartile range (Vetter, 2017). When engaging
with these topics, students are expected to perform various activities, such as understanding,
analyzing, and interpreting. According to the NCTM (2000), when studying measures of central
tendency and dispersion, students should be able to select and apply appropriate data analysis
techniques relevant to the problem context, as well as understand the relationship between each
type of measure of central tendency and dispersion in a given dataset.

Research by Ismail and Chan (2015) revealed that students' misconceptions about measures
of central tendency are often caused by a lack of opportunities to explain their problem-solving
techniques. As a result, their understanding is limited to procedural knowledge and formula
memorization. In statistics, students need to be allowed to explain the strategies they use in
problem-solving to support their conceptual understanding. Furthermore, Karaca and Ay (2025)
found that students are frequently able to compute measures of central tendency through data
organization and reduction, yet struggle to explain their meaning and interpretation in relation to
the data set. Based on this, the learning objectives for measures of central tendency and dispersion
are as follows: (1) To calculate measures of central tendency and dispersion of data. (2) To
interpret the meaning of measures of central tendency and dispersion. (3) To compare measures

of central tendency and dispersion across two or more groups of data.

Mathematical Communication Skills

Communication in mathematics refers to the process of conveying ideas and clarifying
understanding. According to NCTM (2000), the communication skills standards for middle
school students consist of 1) organizing and consolidating mathematical thinking through
communication; 2) communicating mathematical thinking coherently and clearly to peers,
teachers, and others; 3) analyzing and evaluating the mathematical thinking and strategies of

others; 4) using mathematical language to express mathematical ideas precisely. Similarly,
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Lestari and Yudhanegara (2017) defined mathematical communication skills as the ability to
convey mathematical ideas, both verbally and in writing, as well as the ability to understand,
analyze, and critically evaluate others' ideas to strengthen understanding.

In this study, mathematical communication skills are defined as an individual's ability to
understand their own and others' mathematical ideas and to express, represent, and evaluate them
using mathematical language such as symbols, graphs, and diagrams. Therefore, the aspects of
mathematical communication skills considered in this research are 1) understanding mathematical
ideas in multiple forms, 2) expressing mathematical ideas in written form through symbols,
graphs, or diagrams, and 3) interpreting the results and solutions of mathematical problems.

Worked Example

A worked example is an instructional materials presenting expert solutions for beginners
to study. Worked examples are widely recognized as a strategy that can reduce cognitive load and
support the construction of student schemas during learning (Chen et al., 2023). Students who
lack a complete schema often encounter difficulties in categorizing problems, which in turn
hinders their problem-solving and knowledge transfer. Thus, worked examples are considered an
effective approach in mathematics learning.

The central aim of worked example-based learning is to help students understand and
explain the domain principles underlying problem solving. When learning using worked
examples, students are directed to focus only on problem-relevant activities, thereby giving them
more capacity to explain the domain principles underlying problem solutions and build
knowledge structures (Renkl, 2017; Sweller et al., 1998). Consequently, self-explanation
becomes a critical principle that determines the effectiveness of worked examples. In practice,
however, students tend to read worked examples passively without generating sufficient self-
explanation, since worked examples often provide complete step-by-step solutions. Therefore, it
is necessary to encourage students to actively explain their understanding, which can be facilitated

by incorporating self-explanation prompts into worked examples.

Design

At this stage, the design of the Worked Example was reviewed to ensure its effectiveness
as an instructional innovation for enhancing students' mathematical communication skills. The
design process focused on integrating the principles identified in the prior analysis to align the
worked examples with the targeted learning objectives. Specifically, the worked examples were

developed within the topics of measures of central tendency and data dispersion.
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Design of Worked Examples for Mathematical Communication Skills

In the context of mathematical communication skills, the design of a worked example
should encourage students to understand and present mathematical ideas in various forms of data
representation, as well as to interpret the results and solutions to mathematical problems using
logical arguments. Therefore, this study focused on designing worked examples that can provide
opportunities for students to construct arguments and interpret mathematical solutions. After
engaging with the worked example, students are expected to explain the ideas, arguments, and
reasoning underlying their approaches to mathematical problems.

Self-explanation is the most appropriate principle for fostering mathematical
communication skills. Before students can communicate their mathematical ideas and arguments
to others, they must first be able to explain the concepts and strategies to themselves. Self-
explanation facilitates the integration of new information into prior knowledge, enhances
problem-solving abilities, and deepens understanding after working through examples (Vest et
al., 2022). Renkl (2017) also demonstrated that the inclusion of self-explanation in worked
examples promotes better knowledge acquisition in students. By applying this principle, students
are expected not only to understand concepts through the provided examples but also to
communicate the ideas and concepts they have constructed. In this study, worked examples were
designed with embedded self-explanation prompts. Each example was accompanied by guiding
guestions to help students understand the concepts and articulate their reasoning. For every
worked example, responses were provided in explanatory form from a student’s perspective, after

which students were asked to produce their own explanations for a subsequent problem.

Design of Contextual Problem for Mathematical Communication Skills

The problem contexts for measures of central tendency and data dispersion were designed
as meaningful tasks that reflect real-world situations familiar to students and relevant to their
reasoning (Pozas et al., 2020). Mathematical communication skills require comprehensive
schemas stored in students' memory to support effective interpretation and argumentation.
Therefore, the chosen contexts were those already existing in the students' working memory, such
as test scores and personal financial records, so students will be enabled to apply their experiences
when working with measures of central tendency and data dispersion.

The problem contexts were also designed to assess students' ability to organize and describe
data systematically, as well as to construct and interpret various forms of mathematical
representations and solutions. Thus, the purpose of the problems extends beyond computation,
aiming to encourage students to articulate explicit arguments. Furthermore, combining

contextualized problems with self-explanation prompts is expected to create opportunities for

239



Jurnal Didaktik Matematika Vol. 12, No. 2, October 2025

students to determine which measures are more representative within a given context and to

communicate their findings effectively both in writing and visual form.

Development

At this stage, worked examples were developed in the domain of measures of central
tendency and dispersion. The design of worked examples incorporated the principle of self-
explanation and was constructed using real-life contexts, such as test scores and financial records.
Each principle was aligned with communication skill indicators to ensure that the developed

worked examples could facilitate and enhance students' mathematical communication skills.

Table 2. Worked example for mathematical communication skills concerning the measure of data
dispersion topic

Worked Example
Chika and Bobi's math scores during their

Chika's Mathematics Score junior high school years are shown in the bar
Minimum Maximum chart beside. Whose math scores are more
100 o6 @ o @ g7 %0 consistent in terms of their range values?
D
g 90
&8 § R R R
(o R EER EEm B R B
1 2 3 4 5 6

Semester

Bobi's Mathematics SCOI@MaXimum

90 91 Ainimum
90 @ 82 81

L
o
&
70
1 2 3 4 5 6
Semester
Solution Self-explanation
Step1 Calculate the range of Chika’s Score Why did | put special marks on the values in
Range = 92-84 the diagram?
Range = 8 I circled the highest and lowest values because the
Chika’s score range is 8 range is the range of the highest and lowest values
Step 2  Calculate the range of Bimo’s Score in a data set.
Range = 96-78 Why did | decide these values are more
Range = 18 consistent based on the range data measure?
Bimo’s score range is 18 | decided Chika's value is more consistent than
Step 3 Interpretation: Bimo's because the range of Chika's value is

Based on the range values of Chika and  smaller than the range of Bimo's value. This
Bimo, it can be concluded that Chika's math ~indicates that the size of Chika's values is more
scores tend to be more consistent than those ~ uniform and closely grouped compared to Bimo's
of Bimo. values.

For the topic of measuring data dispersion, the worked example design is presented in Table

2, along with paired problems in Table 3. The worked example employs a bar chart representation,

in which the critical information related to the range is highlighted with circles. In the solutions,
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the underlined sentence emphasizes the core elements of each problem-solving step. In the self-
explanation column, responses are presented from students' perspectives, encouraging them to
construct representative schemes and arguments mentally as they explain. The paired problems
in Table 3 also include the same explanatory prompts to ensure that students have a structured
framework to transfer the mathematical communication skills acquired from the worked
examples.

Table 3. Task for mathematical communication skills concerning the measure of data dispersion
topic

Worked Example

Sinta's Language Score Dani's Language Score
100 96 95
95 90 90 %6
90 87 87
© ® 85 80 82 82
S 85 80 8
“ 80 @ 80 76
. i :Anm
70 = TN = . —-— 70 = NN N = -
1 2 3 4 5 1 2 3 4 5
Test Test

Dani and Shinta took the Indonesian test five times. The scores on each test are shown in the bar chart
above. When viewed based on the range value, who has a more stable test score, according to the data
above?

Solution Self-explanation
Why did | put special marks on the values in the
diagram?

Why did | decide these values are more
consistent based on the range data measure?

For the topic of measures of central tendency, the worked example design is presented in
Table 4. The data was represented in narrative form. However, students are still guided to identify
key information through underlining, enabling them to focus on relevant aspects for determining
measures of central tendency. In the self-explanation column, guiding questions and explanatory
responses are provided for each measure (mean, median, and mode) to support students in

developing an appropriate understanding of the role of each measure in describing data.
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Table 4. Worked example for mathematical communication skills in the measure of central
tendency topic

Worked Example

Chika recorded her savings for seven consecutive days as follows: Monday, IDR 53,000; Tuesday, IDR
10,000; Wednesday, IDR 5,000; Thursday, IDR 7,000; Friday, IDR 8,000; Saturday, IDR 6,000; and
Sunday, IDR 9,000. Based on the data, determine the most appropriate measure of central tendency
(mean, median, or mode) to represent the central value of Chika's savings.

Solution

Self-explanation

Step 1

Step 2

Order of Chika’s Savings
5000, 6000, 7000, 8000, 9000, 10000, 53000

Total savings

Y x, = 53000+10000+5000+7000+
8000+6000+9000

> x, = 98000

Mean of savings

7 = X Xp
T
o 98000
Xp = 7
X, = 14000

The mean of Chika’s savings is 14.000

Median of savings
5000, 6000, 7000 ‘800) 9000, 10000, 53000
The median of Chik&'s savings is 8.000

Mode of savings

None

Chika’s saving data does not have a mode
Interpretation

Based on the value of mean, median, and mode,
the most appropriate measure of central tendency
to represent the central value of Chika's savings
is the median.

Why did | organize the data in this
way?

| organized the data to make it easier
to determine the median, as the
median is the middle value of the
ordered data.

Can the mean value represent the
central value of the data? Why?
The average is less appropriate to
represent the central value of the data
because it is influenced by the extreme
data (outlier), which is 53.000.

Can the median value represent the
central value of the data? Why?
The median is a more appropriate
representation of the central value of
the data because it is not influenced by
outliers, thereby better reflecting the
central location of the data.

Can the mode value represent the
central value of the data? Why?
There is no mode in Chika's savings
data set, so the mode is not an
appropriate  representation of the
central value of the data.

For the topic of measures of central tendency, the paired problem is presented in Table 5.

In this task, students are presented with a similar problem, accompanied by a worked example

and the same explanatory prompts. This design aims to help students transfer their mathematical

communication skills by applying the concepts they have learned in a contextual situation.
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Table 5. Task for mathematical communication skills in the measure of central tendency topic

Worked Example

Bimo is recording the money he spent while staying at his uncle's house. Bimo recorded his expenses as
follows: Monday, IDR 9,000; Tuesday, IDR 6,000; Wednesday, IDR 12,000; Thursday, IDR 11,000;
and Friday, IDR 7,000. Determine the type of central tendency measure (mean, median, or mode) that

best represents the central value of Bimo's expense data.

Solution

Self-explanation

Why did | organize the data in this way?

Can the mean value represent the
central value of the data? Why?

Can the median value represent the
central value of the data? Why?

Can the mode value represent the
central value of the data? Why?

The developed worked examples and three experts validated paired questions. Two experts

are lecturers in the mathematics education study program, and one expert is a lecturer in the

elementary education study program. In this study, the validation process focused on content

validity, which included the validation of the instrument framework (logical validity) and the

validation of individual items (face validity). This procedure was intended to ensure that the

developed items adequately measured the full scope of the research variables (Allen & Yen,
1979). The validation results presented in Table 6 show that the three experts (E1, E2, and E3)

provided consistent assessments of the developed worked examples and paired questions. The

logical validity scores ranged from 88.89% to 100%, indicating that the instrument framework

was generally valid. Meanwhile, the face validity scores ranged from 72% to 100%, suggesting

that all items were appropriate for assessing students’ mathematical communication skills. Based
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on these results, all experts concluded that the worked examples were valid, with only minor

revisions required.

Table 6. Validation results worked example and paired question
Percentage

Experts - Conclusion
Logical Face
El 88.89% 72.00% Valid with revision
E2 100% 98% Valid with revision
E3 100% 100% Valid with revision

Implementation

The Implementation phase is the stage where the worked examples were applied to support
the learning process and facilitate students' mathematical communication skills. During this
phase, a limited trial was conducted involving five Year 8 students from one junior high school
in Yogyakarta, Indonesia, who had not yet been introduced to the concepts of measures of central
tendency and data dispersion in their formal curriculum. These students were intentionally
selected to ensure that all participants were novices in the target topic, allowing the development
of their mathematical communication skills to be observed in alignment with the indicators
established during the Analysis stage. The students' responses to the worked examples were

subsequently analyzed and described qualitatively.

Table 7. First student’s (S1) answers

Student’s Answer Translate
T Jawaban _ 1. Sinta’s score range
L Jorghouan b sinta 96 — 80 = 16 (range)

@b (wrg(mpn\ 2. Dani’s score range
2. Jorghouon 0-Domi - 86 — 76 = 10 (range)
- -7k - 10 (Janguawon ) .

3. It can be concluded that Dani's language

3 DO‘PG(l d&MPv'Utzn bﬁ:nvﬁg score tends to be more consistent than
Qg‘h bu;i? g&%”' fromrosh Sinta's score.
niloi Gnta

Penjeiasan Why did | put special marks on the values in

e | the diagram?
R Ll 0, Because range is the difference between the

lereron. clalam. St Jutitdon | highest and lowest score in a data set

Why did | decide these values are more
Mengapa saya menyimpulkan nilai tersebut | CONSiStent based on the range data measure?

lebih stabil?,

foenn, qu;%iqvoﬂ Nilai. Doni Because the range of Dani's score is smaller
ek, Aot ok a..niloy. Sinto, s . -
FQ it menib iwo fefia | than Sinta's range. This shows that Sinta's score

i A1 W 1/ it - -
&’8&? (g\ét@swb(f’muﬁ?dﬁﬁ is narrower than Dani's

In the data distribution measurement task, the responses of two students were highlighted:
Student 1 (S1) and Student 2 (S2). As shown in Tables 7 and 8, both students answered all the

paired problems with the self-explanation prompt. The results indicate that the worked examples
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had a substantial impact on their ability to understand mathematical concepts in multiple forms.
Both students correctly identified the concept and calculated the range after studying the worked
examples. This improvement was evident in their ability to apply the formula for calculating range
values. These findings are consistent with Chen et al. (2023), who reported that students learning
with worked examples demonstrated stronger problem-solving skills than those who learned
without them. Nevertheless, slight differences emerged in the indicators related to interpreting
results and solutions of mathematical problems. Although S1 provided the correct conclusion, her
self-explanation contained reasoning that was inconsistent with her conclusion. By contrast, S2’s
reasoning was correct, though less complete than the reasoning presented in the worked examples,
suggesting that S2 understood the meaning of the range for the two data sets. Open-ended
interviews with the students further revealed that S1 still lacked a clear understanding of how the
range reflects data variability, leading to errors in her explanation. In contrast, S2, although
relying heavily on the worked example studied, provided an explanation that more accurately
reflected the concept of range. This finding aligns with Chen et al. (2019), who emphasized that
for novice learners, presenting complete and explicit solutions, including initial and key steps,
constitutes an effective worked example design for teachers to adopt.

Table 8. Second student’s (S2) answer

Student’s Answer Translate
e -'awn:m Step1l  Calculate the range of Sinta’s score
Langkoh 1]yl I g arler Range = 96-80

drgicoven = 9 - 80 =16
- =16 So, Sinta’s score range is 16
I Joghcen Yew Step2  Calculate the range of Doni’s score

e e e = Range = 86-76
Do =10
So, Doni’s score range is 10
Joct Yonguoon e wni | Step 3 Conclusion:
10 Based on the data from the graph

loyial 3 mwz‘t;“:f:; = n.%“r:;\ above, Dani’s scores are consistent

GAUS, Yohpo: Dot e i than Sinta’s.
W6l Yang longisten dan
Seitoma _dinding Sinto

T Penjelasan Why did | put special marks on the values in
r M;)ng:plnu memberi tanda klmsusp-dn th dl r m;)
‘&:\;\"m nllnl;alnmdhgr;v:’"ﬁ e ag a H . .
P KDE0Ke g o e | give special marks because range is the distance
don.kecendoh it ;,‘;X"?m between the highest and the lowest in a graph or
of SO SO a data set
1 i '
| eineake says menyimpuikan uilal tersebut Why did | decide these values are more
\ﬁm m ;““@z“ T Sebek consistent based on the range data measure?
‘Mm\ e [atibon, - Olekn. sk, Tbv, I arrived at that conclusion after following the
el tutorial's steps and example. Therefore, | found
| y
. NGRS that Dani's range is narrower than Sinta's.

Students' responses to paired questions on measures of central tendency, following

engagement with the worked examples, are presented in Tables 9 and 10. In Table 9, Student 3
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(S3) demonstrated proficiency in the communication skill of expressing mathematical ideas in
written symbolic form. S3 used mathematical symbols appropriately when responding to the
problems. However, S3 made errors in interpreting the results and solutions. In the self-
explanation section, S3 acknowledged that both the mean and median can represent measures of

central tendency, yet in the conclusion, only the median was mentioned. Interview data suggest

that S3 was strongly influenced by the answers provided in the worked examples.

Table 9. Third student’s (S3) answer

”Student’s Answer

Translation

___Jawaban

S:I-b" Y000 t booo 41looo t o0
+ 7000

totalz tHo00

weaw pewdeluaran (Ra LD,
_\_E-.y = t%000 = 9000
*» Fo

Rota = 9000

| Me diaw Pergeluar av

)
oow, 7090, Yoo ©o, |o00
me ditn = O Joog

rMo&uG
tidal ade wodud

Lesiwmpulan

| bevdongemr Unw Wi lai mean, median,
fmodus ulwan vilad cent rel
doda pengelucran Bimo sdabech
Y4 paliva tepet odaldl median

Penjelasan |
Mengapa saya mengurutkan data
seperti itu?

Bisakah nilai rata-rata
merepresentasikan nilai pusat
data? Mengapa?
o LiSe, ks Tiged ..

ehstrem s il ai g, sat besac

Bisakah nilai median
merepresentasikan nilai pusat
ata? Mengapa?
(59 ber e pede dacamy,
wmediay jtut du
vl dipemseaval; nilaichstre

Bisakah nilai modus
merepresentasikan nilai  pusat
data? Mengapa?
widak ade, karna defs
foda.Seel kI Sh yeeats vem(ld
40.0.LaN9. 5. ma mupca)
Nx.nahe droadaddh
ad s Modus

2. xp = 9000+6000+7000+11000+12.000
Total = 45000

Mean of Expense

x, 45000

%, = L7 _ 45000 _ o500
Jo 5

Mean = 9000

Median of expenses
6000, 7000, 9000, 11000,12000
Median = 9000

Mode
There is no mode

Conclusion

Based on mean, median, and mode, the most
appropriate measure of central tendency to
represent Bimo’s expense is the median.

Why did I organize the data in this way?
To make it easier to find the mean, median, and
mode

Can the mean value represent the central
value of the data? Why?

Yes, because there is no extreme in the question
Extreme = very large value

Can the median value represent the central
value of the data? Why?

Yes, because basically, the median is not
influenced by extreme values.

Can the mode value represent the central
value of the data? Why?

No, because no data appears twice, so there is no
mode.

Meanwhile, Table 10 shows that Student 4 (S4) performed better in interpreting the results

and solutions of mathematical problems. However, unlike S3, S4 avoided using mathematical
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symbols when solving the problems. The interviews revealed that although S4 understood the

procedures and formulas for calculating the mean, he lacked a clear understanding of the symbols

themselves, making him reluctant to apply them in solving problems.

Table 10. Fourth student’s (S4) answer

Translate

uStpdent’.s Answer

Jawaban
peuion COYa beraelaren vond :

600 ;3.0 4000, 110, 1240

tojo peigeinaran
6letikraletik prale =4S

(ova.fata (mean)
i‘ig‘.“_ﬁ). 2 gul)

faiat=9.a0
Medion -

60, 7 ,]'J.uu!,u,aﬁ. (2.0A
median: §.00

Modus : .
lidor ada modus & pengeluemr
Bimo "

leessmuian .

Qerdosatkan nilai Wean wmedian,8
hedvs . (1guen usatan dota Y]
Palens Jepar wnpue mempresettosikeg
Nilat pugat dagy dota kborgn Bimo
ddaiah  tean dan Median.

| remenasan
T™engapa saya W
2
()] ;

seperti itu?

-rata
Bisakah nilai r‘nta :«:‘nt
mercpresentasikan pilai P
dgta? Mengapa?
ol .‘?é.l...bﬁ‘?!.i‘“““a

Bisakah nilai median
merepresentasikan nilai pusst
data? Mengapa?

“irdakada.. 98, Aerpeognnih...

_dni. kecondongan

Bisakah nilai modus
merepresentasikan nilai  pusat
data? Mengapa?

“dalam. doka. - Sedemgren......
Modus. heny? g una ke,
Vka. Nl dersebut.... onunedl..

B

Order of expense data
6000,7000,9000,11000,12000

Total expense
6000+7000+9000+11000+12000=45000

Mean

45000
=9000

Mean = 9000

Median of exnenses
6000, 7000/ 9000,11000,12000
Median = 9000

Mode
There is no mode in Bimo’s expense

Conclusion:

Based on mean, median, and mode, the most appropriate
measures of central tendency to represent Bimo’s expenses are
the mean and the median.

Why did | organize the data this way?

| ordered the data to make it easier to identify the median and
mode, because the median is the value in the middle, and the
mode is the value that occurs most frequently.

Can the mean value represent the central value of the
data? Why?

Yes, because data is not affected by skew, the mean can
accurately represent the balance of the data.

Can the median value represent the central value of the
data? Why?

Yes, because the median is the value in the middle that
divides the data set into two parts; therefore, the data is not
affected by skew.

Can the mode value represent the central value of the
data? Why?

No, because no data appears repeatedly. Whereas the mode
can only be used when the data appears several times.
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Understanding mathematical concepts in various forms of data representation is a crucial
indicator of mathematical communication ability. Therefore, the worked examples developed in
this study incorporate various forms of data representation, specifically bar charts and narratives,
as both are commonly used in problems concerning measures of central tendency and dispersion.
In Table 2, a bar chart is presented alongside key information relevant to determining the range.
Figure 1 shows that students were able to identify the necessary information to calculate the range,
namely the maximum and minimum values in the data. This demonstrated that, after engaging
with a worked example, students understood the important information that must be found in a
data set, depending on the type of dispersion measure being calculated. Meanwhile, in Table 4,
the data are presented in narrative form to ensure that students can identify the essential
information needed to determine the most appropriate measure of central tendency.

Latihan
Nilai Bahasa Sinta Nilai Bahasa Dani
100 @ 95
92 90 90 86
o 90 87 87 . 85 55 85
= 85 = 80
z @ Z 80
80
75 75
70 70 -
1 2 3 4 S 1 ) 3 4 5
Ulangan ke- Ulangan ke-

Figure 1. Fifth student’s (S5) answer

Evaluation

The evaluation stage aims to assess the effectiveness of the developed worked examples
and paired problems in facilitating students’ mathematical communication skills. According to
Nieveen (1999), an educational product can be considered effective if the intended learning
experiences are successfully implemented and learners’ outcomes demonstrate the achievement
of the desired learning objectives. Similarly, Daryono et al. (2023) emphasized that the evaluation
of effectiveness in educational development research is primarily based on the extent to which
the designed product enables learners to achieve the predetermined performance criteria.
Therefore, in this study, the developed worked examples were categorized as effective if at least
80% of students achieved a minimum average score of 75 in solving paired problems. The limited

trial results are presented in Table 11.
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Table 11. Limited trial results

Student Score Indicator’s Average Score
Average Indicator1  Indicator 2  Indicator 3

S1 79.17 100.00 75.00 62.50
S2 91.67 100.00 87.50 87.50
S3 91.67 100.00 100.00 75.00
S4 83.33 87.50 75.00 87.50
S5 87.50 100.00 87.50 75.00

Average  84.17 97.50 85.00 77.50

Based on the limited trial results in Table 11, all students achieved the minimum average
score of 75, indicating that the worked examples effectively facilitated students’ acquisition of
mathematical communication skills. Moreover, the mean scores across all indicators exceeded the
minimum threshold (except indicator 3 in S1), suggesting consistent improvement across the
indicators of mathematical communication. As shown in Tables 2 and 4, worked examples consist
of problems, solution steps, explanatory arguments, and final solutions. Therefore, worked
examples are highly considered for beginners. During the early stages of skill development,
including mathematical communication, students often lack a full understanding of the principles
and their application in learning. As a result, students tend to rely on superficial strategies such
as memorization, copying, and seeking similarities between tasks (Renkl, 2017). Conversely, the
use of worked examples can enhance students' working memory resources, enabling them to learn
the structure and principles of a new domain more effectively (Chen et al., 2023). Thus, learning
through worked examples promotes the construction of more complex schemas in students'
working memory, which positively influences their understanding and reasoning.

Mathematical communication emphasizes the importance of argumentation and the
interpretation of solutions to mathematical problems. Therefore, the objective of the developed
worked example is not only to arrive at the correct answer but also to promote better and broader
knowledge transfer (Purnama & Retnowati, 2020). The worked examples in this study were
designed with open-ended objectives that encourage students to interpret and argue. This
approach enables students to explore the principles of each measure of central tendency and data
dispersion in describing data conditions. The self-explanation principle further supports the
development of argumentation and interpretation skills. The self-explanation section in each
worked example provided opportunities for students to articulate their understanding by solving
the slightly modified but equivalent guiding questions. The questions provided, which align with
the problem context, encourage students to think critically and facilitate the transfer of knowledge.
As Renkl (2002) emphasized, the self-explanation effect is crucial in avoiding excessive
scaffolding, thereby ensuring that worked examples yield effective learning outcomes.

The inclusion of self-explanation in the worked examples is a key factor in supporting the

development of students' mathematical communication skills. McGinn et al. (2024) demonstrated
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that incorporating self-explanation prompts into problem-solving practices can enhance students’
mathematical skills. Self-explaining significantly influences schema construction in memory.
Miller-Cotto et al. (2022) also found that self-explanation has a greater impact on problem-solving
abilities than sketching a problem. This finding suggests that students with well-developed
schemas are providing more explanations, even without explicit prompts. They also formulate
better mathematical arguments consistent with the problem. Similarly, Bichler et al. (2022)
demonstrated that combining worked examples with self-explanation prompts in statistics
learning is highly effective, as it conveys important problem-solving strategies beyond mere
algorithmic procedures. These findings align with mathematical communication skills, which are
generally not limited to algorithmic procedures but instead focus on the ability to construct
arguments and interpretations of mathematical problems within appropriate schemas.

Overall, this research highlights that the key aspect of mathematical communication skills
can be effectively developed through the use of worked examples. Therefore, teachers should
carefully design and select examples, recognizing that communication skills are not limited to the
sequence of answers but also encompass students' ability to articulate their ideas. These findings
are consistent with those of Cai et al. (1995) and Silver and Cai (1996), who proposed the use of
mathematical tasks that enable students to demonstrate their mathematical thinking and reasoning.
As teachers can use the explanations provided by students through these tasks to evaluate students'
mathematical communication skills, this approach is also supported. Hence, the worked example
structure developed in this study can be used to facilitate students' mathematical communication

skills across all dimensions of written expression.

Conclusion

Worked examples can be designed to facilitate various transfer skills and mathematical
abilities, including mathematical communication skills. However, several principles must be
carefully considered to ensure that worked examples are relevant and effective in supporting the
targeted skills. In this study, the principle of self-explanation emerged as the key principle that
worked examples must be incorporated to support students’ mathematical communication skills.
The limited trials' result show that students not only perform calculations but also understand
mathematical ideas through multiple representations and interpret solutions in line with the
indicator of mathematical communication skills.

In this study, real-life contexts were chosen as they draw on students’ prior experience,
which strengthens understanding and enriches schemas in working memory. Contexts that are
familiar to students, such as daily activities, also encourage more logical and relevant reasoning,

thereby better supporting the development of mathematical communication skills. The
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implementation stage, tested in a limited trial, indicated that worked examples can facilitate
students’ communication skills across the identified indicator. However, as not all students
demonstrated improvement in every aspect of mathematical communication, further research is

necessary to evaluate the quality of the worked examples developed in large samples.
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